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F. Nonez The Spectral Theorem from a nonstandard perspective



The Spectral Theorem

Relevant objects

We start with
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The Spectral Theorem

Relevant objects

We start with
@ H, separable Hilbert space (over R or C).

@ A:dom(A) — H, symmetric operator on H (i.e.
(Ax,y) = (x, Ay) holds on x,y € dom(A)).
We assume, unless specified:

@ H is infinite-dimensional.

@ A is densely-defined.
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The Spectral Theorem

The Spectral Theorem for self-adjoint operators

This is our object of study:

Theorem (Spectral Theorem)

If A is self-adjoint, then A is unitarily equivalent to a multiplication
operator. In other words, there exists a measure space (2, A, 1), a
measurable function A : Q — R and a unitary map

U: H— Ly(, 1) such that for any x € dom(A),

U(Ax) = X - U(x).
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The Spectral Theorem

The Spectral Theorem for self-adjoint operators

This is our object of study:

Theorem (Spectral Theorem)

If A is self-adjoint, then A is unitarily equivalent to a multiplication
operator. In other words, there exists a measure space (2, A, 1), a
measurable function A : Q — R and a unitary map

U: H— Ly(, 1) such that for any x € dom(A),

U(Ax) = X - U(x).

But why?
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The Spectral Theorem

The case for finite dimensional spaces

Suppose H is finite-dimensional:
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The case for finite dimensional spaces

Suppose H is finite-dimensional:

@ A has an orthonormal eigenbasis Q
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The case for finite dimensional spaces

Suppose H is finite-dimensional:
@ A has an orthonormal eigenbasis Q
o Let pu: P(Q) be any measure with p({f}) >0 for all f € Q
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The Spectral Theorem

The case for finite dimensional spaces

Suppose H is finite-dimensional:
@ A has an orthonormal eigenbasis Q
o Let pu: P(Q) be any measure with p({f}) >0 for all f € Q
o Let U: H — Lp(Q, 1) with (U(x))(f) = —&02
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The Spectral Theorem

The case for finite dimensional spaces

Suppose H is finite-dimensional:
@ A has an orthonormal eigenbasis Q
o Let pu: P(Q) be any measure with p({f}) >0 for all f € Q
o Let U: H — Lp(Q, 1) with (U(x))(f) = —&02
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@ Multiplication operator given by eigenvalue function A : Q — R
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The Spectral Theorem

General case by approximation?

We would like, in some sense, to extract the coveted objects from
finite dimensional approximations.
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The Spectral Theorem

General case by approximation?

We would like, in some sense, to extract the coveted objects from
finite dimensional approximations.

Definition (Sampling sequence)

The sequence (Hp, An, Qn)nen is called a sampling sequence for A,
if:

Q H, < H and dim(H,) < oo for each n € N;
@ A, : H, — H,is a symmetric linear operator for each n;
© Q, is an orthonormal eigenbasis of A, for each n;
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The Spectral Theorem

General case by approximation?

We would like, in some sense, to extract the coveted objects from
finite dimensional approximations.

Definition (Sampling sequence)

The sequence (Hp, An, Qn)nen is called a sampling sequence for A,
if:

Q H, < H and dim(H,) < oo for each n € N;
@ A, : H, — H,is a symmetric linear operator for each n;
© Q, is an orthonormal eigenbasis of A, for each n;

© for each x € dom(A), there exists a sequence (x, € Hp)nen
such that x, — x and A,x, — Ax.
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The Spectral Theorem

General case by approximation?

We would like, in some sense, to extract the coveted objects from
finite dimensional approximations.

Definition (Sampling sequence)

The sequence (Hp, An, Qn)nen is called a sampling sequence for A,
if:

Q H, < H and dim(H,) < oo for each n € N;
@ A, : H, — H,is a symmetric linear operator for each n;
© Q, is an orthonormal eigenbasis of A, for each n;

© for each x € dom(A), there exists a sequence (x, € Hp)nen
such that x, — x and A,x, — Ax.

One can prove: there always exists a sampling sequence (not hard,
using that G(A) C H x H is separable)
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The Spectral Theorem

General case by approximation?

@ Assume for each n, i, is a suitable measure on Q,
@ Assume the isometry U, : H, — La(SQp, in) is defined as earlier

@ U, is a unitary equivalence between A, and eigenvalue
function A,
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The Spectral Theorem

General case by approximation?

@ Assume for each n, i, is a suitable measure on Q,
@ Assume the isometry U, : H, — La(SQp, in) is defined as earlier

@ U, is a unitary equivalence between A, and eigenvalue
function A,

@ When is there a "limit space (2, n) — (2, )" inducing
suitable U : H — L>(Q2, 1) and A : Q — R? in what sense is
this described?
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The Spectral Theorem

General case by approximation?

@ Assume for each n, i, is a suitable measure on Q,
@ Assume the isometry U, : H, — La(SQp, in) is defined as earlier

@ U, is a unitary equivalence between A, and eigenvalue
function A,

@ When is there a "limit space (2, n) — (2, )" inducing
suitable U : H — L>(Q2, 1) and A : Q — R? in what sense is
this described?

@ One way (not the only one!): Consider one single "infinitely
good" "finite dimensional" approximation, and work from its
induced measure
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© Nonstandard Perspective
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Nonstandard Perspective

* Extensions

o Informally, for any "classical" structure V, *V is a
corresponding "nonstandard" structure
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o Informally, for any "classical" structure V, *V is a
corresponding "nonstandard" structure

@ Every object o, set S, relation R and function f of V has their
equivalent *o, *S, *R, *f on *V (sometimes, we omit *
symbol to lighten the notation)
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equivalent *o, *S, *R, *f on *V (sometimes, we omit *
symbol to lighten the notation)
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Nonstandard Perspective

* Extensions

o Informally, for any "classical" structure V, *V is a
corresponding "nonstandard" structure

@ Every object o, set S, relation R and function f of V has their
equivalent *o, *S, *R, *f on *V (sometimes, we omit *
symbol to lighten the notation)

@ *V will have the same logic "behavior" as V' (Transfer
principle).

e *|y : V — *Vis a natural inclusion, so we identify *x = x for
x € V. Thisway, V C*V

@ *V may be much, much larger than V, for any infinite V.
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Nonstandard Perspective

Hyperreals

o (*R,+,-,<): Non-Archimedean ordered field
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Nonstandard Perspective

Hyperreals

o (*R,+,-,<): Non-Archimedean ordered field
e x € *R is finite if there is n € N such that |x| < n
o x € *R is infinitesimal if for all n € N, [x| < 1

e x ~ y if x — y is infinitesimal
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Nonstandard Perspective

Hyperreals

(*R, +, -, <): Non-Archimedean ordered field
x € *R is finite if there is n € N such that |x| < n

°
°
o x € *R is infinitesimal if for all n € N, [x| < 1
e x ~ y if x — y is infinitesimal

°

for every finite x € *R, there exists a unique s € R such that
X~ s.

This defines the standard part function st : Fin(*R — R)
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Nonstandard Perspective

Hyperreals

(*R, +, -, <): Non-Archimedean ordered field
x € *R is finite if there is n € N such that |x| < n

°
°
o x € *R is infinitesimal if for all n € N, [x| < 1
e x ~ y if x — y is infinitesimal

°

for every finite x € *R, there exists a unique s € R such that
X~ s.
This defines the standard part function st : Fin(*R — R)

If (X, d) is metric space, x € *X is nearstandard if there is
s € X such that *d(x,s) ~ 0; we define s = st(x).
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Nonstandard Perspective

Nonstandard analysis

e With use of Transfer Principle and V C *V for infinite V, we
can intuitively characterize many properties of analysis
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Nonstandard Perspective

Nonstandard analysis

e With use of Transfer Principle and V C *V for infinite V, we
can intuitively characterize many properties of analysis

o limy_o0 xp = x iff for any infinite N € *N, *xy ~ x
@ f is continuous at xp iff *f(x) ~ f(xp) whenever x ~ xg

e X is compact iff every x € *X is nearstandard
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Nonstandard Perspective

Internal sets

o (VUP(V),e) is itself a (relational) structure, on which we
can apply *

@ We have a natural inclusion *P(V) C P(*V) with
S {xe*V|x(*e€)S}

o Internal subsets of *V: elements of *P(V)
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Internal sets

o (VUP(V),e) is itself a (relational) structure, on which we
can apply *

e We have a natural inclusion *P(V) C P(*V) with
S {xe*V|x(*e)S}

o Internal subsets of *V: elements of *P(V)

e Some internal sets: *S, any finite F C *V, {n€ *N | n < N}
given some infinite N € *N, any set defined with only internal
objects and the language of V.

@ Some external sets: N (or any infinite set with only standard
elements), { infinite hypernatural }, {x € *R | st(x) = 3}
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Nonstandard Perspective

Internal sets

o (VUP(V),e) is itself a (relational) structure, on which we
can apply *

e We have a natural inclusion *P(V) C P(*V) with
S {xe*V|x(*e)S}

o Internal subsets of *V: elements of *P(V)

e Some internal sets: *S, any finite F C *V, {n€ *N | n < N}
given some infinite N € *N, any set defined with only internal
objects and the language of V.

@ Some external sets: N (or any infinite set with only standard
elements), { infinite hypernatural }, {x € *R | st(x) = 3}

@ Transfer Principle: transfers only for internal objects, ex:

VSePN)((1e SAVheN(neS—-n+1€S5))—S=N)
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Nonstandard Perspective

Hyperfinite

e S is hyperfinite if S € *{ finite subsets of V } C *P(V)

@ ex: {ne€*N|n< N} forany N € *N

@ Anything we can do with finites, we can do internally with
hyperfinites (ex: internal sums over hyperfinite sets)
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Nonstandard Perspective

Hyperfinite

e S is hyperfinite if S € *{ finite subsets of V } C *P(V)

@ ex: {ne€*N|n< N} forany N € *N

@ Anything we can do with finites, we can do internally with
hyperfinites (ex: internal sums over hyperfinite sets)

@ Enlargement Theorem: There exists an extension * and
hyperfinite V such that V C Vi C *V regardless of |V/|

F. Nonez The Spectral Theorem from a nonstandard perspective



Nonstandard Perspective

Nonstandard sampling

Given sampllng sequence (Hn,A,,,Q )nen and infinite N € *N, let
(H A, Q) be given by H = *Hy, A =*Ap, Q = *Qu.
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Nonstandard Perspective

Nonstandard sampling

Given sampllng sequence (Hn,A,,,Q )nen and infinite N € *N, let
(H A, Q) be given by H = *Hy, A =*Ap, = *Qun. We have:

A is a *K subspace of *H, and *dim(H) € *N
A'is an internal symmetric operator on A

€ is a (hyperfinite) orthnormal eigenbasis of A

For any x € dom(A), there exists X € H such that x = st(X)
and Ax = st(AX).
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Nonstandard Perspective

Nonstandard sampling

Given sampllng sequence (Hn,A,,,Q )nen and infinite N € *N, let
(H A, Q) be given by H = *Hy, A =*Ap, = *Qun. We have:

A is a *K subspace of *H, and *dim(H) € *N
A'is an internal symmetric operator on A

€ is a (hyperfinite) orthnormal eigenbasis of A

For any x € dom(A), there exists X € H such that x = st(X)
and Ax = st(AX).

o [i= ,uN is an internal measure on the internal algebra
A="P(Q)
o U:H — *Ly(%, f1) is an internal unitary equivalence between
Aand XA =*\y
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Nonstandard Perspective

Loeb measure space

@ For now, it is meaningless, abstract mess
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@ For now, it is meaningless, abstract mess

@ Assuming [i is probability, we would want to consider
B — st(fi(B)), but
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Loeb measure space

@ For now, it is meaningless, abstract mess

@ Assuming [i is probability, we would want to consider
B — st(fi(B)), but

o Ais NOT a o-algebra (though it is an internal *o-algebra)
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Nonstandard Perspective

Loeb measure space

@ For now, it is meaningless, abstract mess

@ Assuming [i is probability, we would want to consider
B — st(fi(B)), but

o Ais NOT a o-algebra (though it is an internal *o-algebra)
We use the powerful Loeb measure Theorem:

Theorem (Loeb measure Theorem)

There exists a (real, external) probability space (Q, Ay, i) such
that

° ./2( C AL
o for any B € A, u(B) = st(ji(B)).
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Standard Bias

© Standard Bias
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Standard Bias

Problem 1

o We consider Uy : H — Lp($2, 1) with Ui (x) = stoU(x).

o We can show that (U(x))(f) is finite for p -almost all f € Q.
Also, Ur(x) is measurable
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Standard Bias

Problem 1

o We consider Uy : H — Lp($2, 1) with Ui (x) = stoU(x).

o We can show that (U(x))(f) is finite for p -almost all f € Q.
Also, Ur(x) is measurable

@ We want U, as our isometry. For that, we need

st [[100oRa) = [ st(10GoPYdn
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Standard Bias

Problem 1

o We consider Uy : H — Lp($2, 1) with Ui (x) = stoU(x).

o We can show that (U(x))(f) is finite for p -almost all f € Q.
Also, Ur(x) is measurable

@ We want U, as our isometry. For that, we need

st [[100oRa) = [ st(10GoPYdn

It does not always hold (some dirac-like function?)
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Standard Bias

Problem 1

Theorem (S-integrability)

For any internal function f : Q — *R>0,the following are
equivalent:

o for any internal E C Q with ji(E) ~ 0, * Je fdfi~0
@ f is . almost-always nearstandard valued, and
st (ffz fdﬂ) = fﬁ stofduy

F. Nonez The Spectral Theorem from a nonstandard perspective



Standard Bias

Problem 1

Theorem (S-integrability)

For any internal function f : Q — *R>0,the following are
equivalent:

o for any internal E C Q with ji(E) ~ 0, * Je fdfi~0
@ f is . almost-always nearstandard valued, and
st (ffz fdﬂ) = fﬁ stofduy

o We can calculate * [ |U(x)2dfi = ||* Projspan(e) X|I12
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Standard Bias

Problem 1

Theorem (S-integrability)

For any internal function f : Q — *R>0,the following are
equivalent:
e for any internal E C Q with ji(E) ~ 0, * Je fdfi~0
@ f is . almost-always nearstandard valued, and
st (ffz fdﬂ) = fﬁ stofduy

o We can calculate * [ |U(x)2dfi = ||* Projspan(e) X|I12
@ We need that i(E) ~ 0 = for all standard x € H,

* projspan(E) x~0
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Standard Bias

Problem 2

o We want ) : Q — *R, the eigenvalue function of A, to be i,
almost always finite,

o Equivalently, for every infinite K, we want ji(Bx) ~ 0 with
Bic = {f € Q| N = K}
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Standard Bias

Problem 2

o We want ) : Q — *R, the eigenvalue function of A, to be i,
almost always finite,

o Equivalently, for every infinite K, we want fi(Bk) ~ 0 with
Bk = {f € Q| |\F)]?> > K}

@ We can calculate that for any X € H
I Projspan(s) %12 < 155

@ Thus, for any standard x € H, * projspan(g,) X =~ 0
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Standard Bias

Problem 2

We want A :  — *RR, the eigenvalue function of A, to be p;
almost always finite,

Equivalently, for every infinite K, we want fi(Bk) ~ 0 with
Bk = {f € Q| |\F)]?> > K}

@ We can calculate that for any X € H

* o o Az|2

|| projspan(BK)XH2 < M

Thus, for any standard x € H, * projspan(g,) X = 0

It would be nice if ji(Byk) ~ 0 followed
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Standard Bias

Standard Bias measure

Definition

The internal probability measure /i on *P(Q) is standard-biased if
for any internal E € Q, ji(E) ~ 0 if and only if * projs,an(ey X =~ 0
whenever x € H is standard.
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Standard Bias

Standard Bias measure

Definition

The internal probability measure /i on *P(Q) is standard-biased if
for any internal E € Q, ji(E) ~ 0 if and only if * projs,an(ey X =~ 0
whenever x € H is standard.

@ For such a standard biased measure, we thus consider
AL = sto)
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Standard Bias

Compatible standard-biased scale

There always exists ((éj)szl, (EJ-)J-Kzl), where
e K € *Nis infinite, & € *H and & € *R-g
@ For any standard j, st(&§) = e € H\ 0, st(&j) = ¢; € Ruo
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Standard Bias

Compatible standard-biased scale

There always exists ((éj)szl, (EJ-)J-Kzl), where
e K € *Nis infinite, & € *H and & € *R-g
@ For any standard j, st(&§) = e € H\ 0, st(&j) = ¢; € Ruo

® (e)jen: dense spanin H

K

° 3L, GlEIIP =Y englel? =1
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Standard Bias

Compatible standard-biased scale

There always exists ((éj)szl, (EJ-)J-Kzl), where
e K € *Nis infinite, & € *H and & € *R-g
@ For any standard j, st(&§) = e € H\ 0, st(&j) = ¢; € Ruo

(ej)jen: dense span in H
K ~ |~
Y1 Gl = Yjenallel? =1

For compatibility with sampling (H, A, Q):

° ForanijN,éjel:l
e For any standard j, Aéj is nearstandard
o For any f € Q, there exist j < N with (&,f) #0
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Standard Bias

Compatible standard-biased scale

There always exists ((éj)szl, (EJ-)J-Kzl), where
e K € *Nis infinite, & € *H and & € *R-g
@ For any standard j, st(&§) = e € H\ 0, st(&j) = ¢; € Ruo

(ej)jen: dense span in H
K ~ |~
Y1 Gl = Yjenallel? =1

For compatibility with sampling (H, A, Q):

° ForanijN,éjel:l

e For any standard j, Aéj is nearstandard

o For any f € Q, there exist j < N with (&,f) #0
Induces standard-biased probability internal measure fi on € with
(V) = 3550 G proje gpan(v) &1
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Standard Bias

The Spectral Embedding Theorem

We can then establish the following:

Theorem (The Spectral Embedding Theorem)

If [i is standard-biased, then U, : H — LQ(Q, (L) s an isometry.
Furthermore, for any x € dom(A), Up(Ax) = AL - Ur(x).
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Standard Bias

The Spectral Embedding Theorem

We can then establish the following:

Theorem (The Spectral Embedding Theorem)

If [i is standard-biased, then U, : H — LQ(Q, (L) s an isometry.
Furthermore, for any x € dom(A), Up(Ax) = AL - Ur(x).

o Different from the initial goal: A need not be self-adjoint, only
symmetric, trade-off with U, not being unitary, only an
isometric embedding
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Standard Bias

The Spectral Embedding Theorem

We can then establish the following:

Theorem (The Spectral Embedding Theorem)

If [i is standard-biased, then U, : H — Lz(ﬁ, (L) s an isometry.
Furthermore, for any x € dom(A), Up(Ax) = AL - Ur(x).

o Different from the initial goal: A need not be self-adjoint, only
symmetric, trade-off with U, not being unitary, only an
isometric embedding

@ Directly equivalent with other forms of the Spectral Theorem:
if Ais self-adjoint, U (H) reduces for the multiplication
operator induced by A\;, and spectral measure of A pulls back
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Standard Bias

The Spectral Embedding Theorem

We can then establish the following:

Theorem (The Spectral Embedding Theorem)

If [i is standard-biased, then U, : H — Lz(ﬁ, (L) s an isometry.
Furthermore, for any x € dom(A), Up(Ax) = AL - Ur(x).

o Different from the initial goal: A need not be self-adjoint, only
symmetric, trade-off with U, not being unitary, only an
isometric embedding

@ Directly equivalent with other forms of the Spectral Theorem:
if Ais self-adjoint, U (H) reduces for the multiplication
operator induced by A\;, and spectral measure of A pulls back

° (Q,AL,uL) still heavily dependent on both * and infinite N,
and L(£2;, pur) non-separable. This needs a sequel...
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Hull structure

@ Hull structure
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Hull structure

Internal pseudometric

o Using the standard-biased scale, we can construct internal
pseudometric d on €2 such that d(fi, f,) ~ 0 iff
(U(&))(f1) ~ (U(&))(f2) for all standard j
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Hull structure

Internal pseudometric

o Using the standard-biased scale, we can construct internal
pseudometric d on €2 such that d(fi, f,) ~ 0 iff
(U(&))(f1) ~ (U(&))(f2) for all standard j

@ Induces quotient space 0, natural map ©: Q) — Q

o the pushforward d on Q) turns it into a compact metric space
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Hull structure

Internal pseudometric

o Using the standard-biased scale, we can construct internal
pseudometric d on €2 such that d(fi, f,) ~ 0 iff
(U(&))(f1) ~ (U(&))(f2) for all standard j

@ Induces quotient space 0, natural map ©: Q) — Q

o the pushforward d on Q) turns it into a compact metric space

X

d(fi, ) = Z%H\ &))(h) — (0(&))(5)|
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Hull structure

Hull space

@ 1 is measurable (w.r.t. p;), inducing the pushforward
probability space (Q, Borel(ﬁ), Q)

e all elements of U (H) can be pushed down 7, inducing
isometry U : H — Lo(Q, i)

o there exists A : ) — R such that p;-almost-everywhere,
Nob = AL
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Hull structure

Hull space

e 1 is measurable (w.r.t. ), inducing the pushforward
probability space (£2, Borel(£2), /1)
o all elements of U (H) can be pushed down 7, inducing
isometry U : H — L»(€2, f2)
° tAhere exists A : Q) — R such that p;-almost-everywhere,
Ao =)
Thus, we have the following:

Theorem (Spectral Embedding Theorem, metric version)

For any densely-defined symmetric operator A on separable
K-Hilbert space H, there exists a compact metric space 2, a
probability measure 1 on Borel(2), an isometric embedding
U:H— Ly(2, 1) and a self-adjoint multiplication operator T on
L»(2, 1) such that Uo AC T o U.
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Hull structure

Shift Operator

Context
e H=15h(Z), K= C and (g)/cz canonical Hilbert basis
o A= I(R+ L), where R and L are the right and left shifts.
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Hull structure

Shift Operator

Parameters:
o H=r* span({*g,},’\i_M) for some infinite M

o A= %(R’ + ), where R and [ are the rotating right and left
shifts on H
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Hull structure

Shift Operator

Parameters:
o H="*span({*g/}M _,,) for some infinite M
o A= %(R’ + [), where R and [ are the rotating right and left
shifts on H
o O={fi| —M<k<M} with = L1 e 2 g
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Hull structure

Shift Operator

Parameters:
o H="*span({*g/}M _,,) for some infinite M
o A= %(R’ + ), where R and [ are the rotating right and left

shifts on H
o Q= {fi| -M<k< M} with fi = 31 e 2mizi g,
° (éj)fiv;-—’—l = (*g07*g17*g—17 e 7*gM7*g7M)
© & = ygg ey forj <2M+1
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Hull structure

Shift Operator

Results (up to measure-preserving homeomorphism):
e Q =R/Z, equipped with its usual topology
@ u: the Lebesgue measure on its borelians
e m(t) = cos(27t)
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Hull structure

Shift Operator

Results (up to measure-preserving homeomorphism):
e Q =R/Z, equipped with its usual topology
@ u: the Lebesgue measure on its borelians
e m(t) = cos(27t)

o U((an)nez) = Y. ,cny an€®™™, associating a sequence to its
Fourier series

F. Nonez The Spectral Theorem from a nonstandard perspective



Hull structure

Differential operator on R

Context:
e H=Lp(R), with K=C
o A=—i% ondom(A) = CX(R)
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Hull structure

Differential operator on R

Parameters:

o H= *span({l k ﬁ[}ﬁ’iil ») for some infinite N = Np!

o A= —Ié/N given rotating "shift" operators

~ — . 2_ Ii’
o Q= {fi}} e with fi = Lo SN L, T L 1y
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Hull structure

Differential operator on R

Parameters:

o H= *span({l[ﬁ%[}ﬁ’ijvz) for some infinite N = Nj!

o A= —ié?,’\;? given rotating "shift" operators
o~ N2_1 . szl 2 I'L
o O = {fk}szNZ with f, = ﬁZI:_Nz e 2n2 1[#,/%1[
1
e Given E(t) = (%)4 et on R, let ej(t) = E(t — gj) for
(gj)jen being a counting of Q. Scale is constructed around this
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Hull structure

Differential operator on R

Results (up to measure space equivalence):

e Q =R, equipped with its usual borelian algebra (not the same
topology, though)

o i = godp with go(w) = (g)
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Hull structure

Differential operator on R

Results (up to measure space equivalence):

e Q =R, equipped with its usual borelian algebra (not the same
topology, though)

_ 22

e 2

NI=

o 1 = godp with go(w) = ()
e mw)=rwonweR

_ (E()(3) : -
o (U(h)(w) = Joae) where F is the Fourier transform
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Hull structure

Differential operator on R

Results (up to measure space equivalence):
e Q =R, equipped with its usual borelian algebra (not the same
topology, though)

e 2

NI=

o 1 = godp with go(w) = ()
e mw)=rwonweR

_ (E()(3) : -
o (U(h)(w) = Joae) where F is the Fourier transform

Of note:
@ only elementary analysis used for calculations
@ could theoretically be used to define the Fourier transform itself

@ direct proofs of Plancherel and differentiation theorems
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Conclusion

Thank you for your timel
Questions?

The Spectral Theorem from a nonstandard perspective
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